Abstract: Nonrelativistic string theory is described by a sigma model with a relativistic worldsheet and a nonrelativistic target spacetime geometry, that is called string NewtonCartan geometry. In this paper we obtain string Newton-Cartan geometry as a limit of the Riemannian geometry of General Relativity with a fluxless two-form field. We then apply the same limit to relativistic string theory in curved background fields and show that it leads to nonrelativistic string theory in a string Newton-Cartan geometry coupled to a Kalb-Ramond and dilaton field background. Finally, we use our limiting procedure to study the spacetime equations of motion and the T-duality transformations of nonrelativistic string theory. Our results reproduce the recent studies of beta-functions and T-duality of nonrelativistic string theory obtained from the microscopic worldsheet definition of nonrelativistic string theory.
Introduction
Formulating a self-consistent theory of quantum gravity is perhaps one of the most outstanding problems in modern theoretical physics. String theory provides a quantum framework that successfully incorporates massless spin-two degrees of freedom and in which fundamental questions on quantum gravity can be addressed. While string theory is reasonably well understood as a perturbative theory, a proper comprehension of its non-perturbative aspects is however still lacking. In this regard, it is useful to study limits in which string theory is considerably simplified, as such studies can give further hints about what the full non-perturbative formulation of string theory looks like.
One such limit was introduced in [1] [2] [3] , which was then formulated by Gomis and Ooguri in [4] as a two-dimensional quantum field theory that is consistent, unitary and ultra-violet complete and that was dubbed nonrelativistic string theory. 1 This theory contains extra worldsheet one-forms beyond the usual worldsheet fields that correspond to coordinates on the target spacetime. The inclusion of these one-forms in [4] endows the target spacetime of dimension d with a foliation structure, that splits the spacetime into a two-dimensional longitudinal and a (d−2)-dimensional transverse sector. Such a spacetime is characterized by a type of boost symmetries, called string-Galilean boosts, under which the d − 2 transverse directions are transformed into the two longitudinal directions, but not vice versa. The associated string spectrum is nonrelativistic and invariant under these string-Galilean boosts. The spacetime geometry of nonrelativistic string theory was studied in a series of papers [6] [7] [8] [9] and was argued more recently in [10] to correspond to the so-called string Newton-Cartan geometry. 2 In this paper, we start with a detailed study of how string Newton-Cartan geometry appears as a nonrelativistic limit of the Riemannian geometry of General Relativity (GR) with a fluxless two-form field. Two features of this limit are worth pointing out. First, there is an ambiguity that appears when taking this limit: different limits parametrized by arbitrary functions lead to the same string Newton-Cartan geometry. This ambiguity will play an important role in applications to nonrelativistic string theory later in this paper. Secondly, while it is well-known that in GR all components of the spin connection can be determined in terms of Vielbeine as solutions of zero torsion constraints, this is no longer true after taking the nonrelativistic limit. Indeed, we will see that the limit of the zero torsion constraints of GR leads to zero torsion constraints for string Newton-Cartan geometry that leave some components of the spin connections undetermined. 3 With the sharpened understanding of string Newton-Cartan gravity, we then consider nonrelativistic string theory as a zero slope, near critical electric field limit of relativistic string theory in curved backgrounds with a Kalb-Ramond and dilaton field. 4 This limit is closely related to the noncommutative open string (NCOS) limit [3] . Intriguingly, unlike the situation in relativistic string theory, one finds that the background fields that appear in the nonrelativistic string action are only defined up to Stückelberg-type of symmetries, 1 See also [5] . 2 For other recent work on nonrelativistic strings, see [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] . In [14, 15, 17] , for zero torsion, a specific truncation of string Newton-Cartan gravity in the target space was considered, which leads to NewtonCartan gravity in one dimension lower, supplemented with an extra worldsheet scalar parametrizing the spatial foliation direction. A more thorough examination of this relation has been put forward in [22] . 3 The same phenomenon has appeared in [23] , where an action was constructed for a four-dimensional string Newton-Cartan gravity theory, that gives dynamics to an extended version of string Newton-Cartan geometry. In this theory, there are also undetermined spin connection components in the second order formalism, and these play the role of Lagrange multipliers that impose some of the components of the foliation constraints of string Newton-Cartan geometry. In general, this type of unconstrained spin connections usually appears as auxiliary fields in the spacetime formalism and does not show up in the worldsheet formalism. 4 See also [6] .
when including a Kalb-Ramond and dilaton field [10] . These Stückelberg symmetries are related to the fact that different limits parametrized by arbitrary functions lead to the same string Newton-Cartan gravity, as mentioned previously. We then consider two applications of the techniques developed in this paper: one to spacetime equations of motion and one to T-duality transformations in nonrelativistic string theory. First, we apply the limiting procedure to the one-loop beta-functions in relativistic string theory. Setting the resulting beta-functions to zero, we derive the equations of motion that dictate the backgrounds on which nonrelativistic string theory can be consistently defined quantum mechanically. These equations of motion agree with the ones found in [24] , where the quantum Weyl invariance of vertex operators in nonrelativistic string theory has been studied and where the same set of equations of motion has been derived in an intrinsic manner. 5 Secondly, in [10] , it was proven that T-duality along a longitudinal spatial isometry in string Newton-Cartan geometry gives relativistic string theory on a Lorentzian background with a compact lightlike isometry. This relation establishes a first principles definition of string theory in the discrete light cone quantization (DLCQ), a prevailing approach to nonperturbative string/M-theory that provided the conjecture stating the equivalence of M-theory in DLCQ and Matrix theory [26] [27] [28] . In this paper, we will show that the same T-duality transformations also arise as a limit of the Buscher rules [29, 30] in relativistic string theory. This paper is organized as follows. First, in §2, we briefly present the original nonrelativistic string theory in flat spacetime with a special emphasis on the different symmetry algebras that will occur in the rest of this paper. Next, in §3, we focus on obtaining string Newton-Cartan geometry and its underlying local spacetime symmetries via a nonrelativistic limit of the Riemannian geometry of GR with a fluxless two-form field. In §4, we study nonrelativistic string theory as a limit of relativistic string theory and we discuss the coupling of string Newton-Cartan geometry to nonrelativistic string theory. We will then focus on two special topics: the spacetime equations of motion and nonrelativistic T-duality in nonrelativistic string theory. Finally, we give our conclusions in §5. In the appendices, we present useful results regarding the algebra of global spacetime symmetries of nonrelativistic string theory in flat spacetime. We also discuss the gauging of the subalgebra of these flat spacetime symmetries that remains as a symmetry algebra of the nonrelativistic string action, as an alternative way of constructing string Newton-Cartan geometry.
Nonrelativistic String Theory in Flat Spacetime
One purpose of this paper is to give an overview of string Newton-Cartan geometry and its role in nonrelativistic string theory thereby reviewing some old results as well as providing several new insights. In this introductory section, we give a brief review of nonrelativistic string theory in flat spacetime and its global target spacetime symmetries. Nonrelativistic string theory is described by a two-dimensional sigma model defined on a Riemann surface Σ , parametrized by σ α , α = 0, 1 . For now, we apply the conformal gauge and thus take the Riemann surface to be flat with metric η αβ = diag(−1, 1). The worldsheet fields of nonrelativistic string theory consist of worldsheet scalars parametrizing the spacetime coordinates x µ , µ = 0, 1, · · · , d−1 and two one-form fields on the worldsheet, which we denote by λ and λ . We take the decomposition x µ = (x A , x A ′ ) , with A = 0, 1 and A ′ = 2, · · · , d − 1 . The nonrelativistic string theory action in flat spacetime is then given by the following sigma model action [4, 10] 
where α ′ is the Regge slope, that determines the string tension T via
In (2.1), we introduced spacetime light-cone coordinates
as well as light-cone coordinates on the worldsheet such that
The one-form fields λ and λ appear in S flat as Lagrange multipliers, that impose that X (resp. X) is holomorphic (resp. anti-holomorphic):
Similarly, we also have that λ (resp. λ) are holomorphic (resp. anti-holomorphic) as a consequence of the equations of motion of X and X:
Following [11] , it turns out that the action (2.1) is invariant under an infinite number of spacetime symmetries, with (anti-)holomorphic parameters f (X), f (X), g A ′ (X), g A ′ (X) and constant parameters Λ A ′ B ′ , given by 6
where we have defined
The algebra that these symmetries satisfy is derived in Appendix A. Later in this paper, we will use a limiting procedure to construct the Polyakov action for nonrelativistic string theory coupled to background fields corresponding to a curved string Newton-Cartan geometry and a Kalb-Ramond and dilaton field. A finite subset of symmetries of this infinite-dimensional algebra will then be realized as sigma model symmetries acting on the background fields. The algebra of this finite subset will be referred to as the string Newton-Cartan algebra; it is an extension of the algebra introduced in [7, 9] , that we now refer to as the string Bargmann algebra. Historically, the string Bargmann algebra was first introduced as the symmetry algebra underlying nonrelativistic string theory. However, it turns out that the correct symmetry algebra is the string Newton-Cartan algebra [17] . Details on the embedding of these two algebras in the infinite-dimensional algebra can be found in Appendix A, while appendices B and C are concerned with their gauging as an alternative way of constructing string Newton-Cartan geometry.
String Newton-Cartan Geometry as a Limit of General Relativity
In this section, we show how string Newton-Cartan geometry arises when considering a special nonrelativistic limit of General Relativity in the first-order formalism and use this to discuss various aspects of string Newton-Cartan geometry and its underlying local symmetries. Its coupling to the nonrelativistic string and other string-theory related aspects will be discussed in the next section.
Elements of General Relativity
We will start from GR in the Vierbein description, i.e. we will consider a Vierbein field E µÂ , withÂ = 0 , 1 , · · · , d − 1 , whose inverse is denoted byÊ µÂ :
In order to define a limit that leads to string Newton-Cartan geometry, we will add a two-form gauge fieldM µν to the field content. This two-form gauge field is auxiliary in the sense that we constrain it to have zero curvature
so that it does not describe any propagating degrees of freedom. The above fields transform under Lorentz transformations, with parametersΛÂB = −ΛBÂ , and gauge transformations, with parametersη µ , as follows:
We furthermore declare that all gauge fields transform as covariant vectors under diffeomorphisms with parametersξ µ . 7
7 Alternatively, the diffeomorphisms can be introduced in a gauging procedure of the Poincaré algebra. In that case, the Vierbein is considered as a gauge field for translations parametrized byΞÂ . Once the torsionlessness constraint (3.5) is imposed, diffeomorphisms with parametersξ µ can be expressed as a combination of translations with parametersΞÂ ≡ξ µÊ µÂ and other symmetries of the theory.
The Vierbein formulation of GR also includes the spin connectionΩ µÂB , that is a gauge connection for local Lorentz transformations and thus transforms as follows
under local Lorentz transformations. In the second order formulation, the spin connection is not an independent gauge field. Instead, it depends on the Vierbein in such a way that the zero torsion constraint
is identically satisfied. Solving (3.5) forΩ µÂB leads to the following expression 8
Here, we definedÊ
and we turned curved µ-indices into flatÂ-indices by contracting them with (inverse) Vielbeine, as in e.g.
The curvature two-form ofΩ µÂB is defined aŝ
The usual Levi-Civita connectionΓ ρ µν and associated Riemann curvature tensorR ρ σµν (Γ) can then be expressed in terms of the Vierbein and spin-connection aŝ 
String Newton-Cartan Geometry from General Relativity
In this subsection, we will consider a nonrelativistic limit of the kinematical structure and transformation rules (3.3) of GR that will lead to string Newton-Cartan geometry. In order to do this, we expand the relativistic fieldsÊ µÂ andM µν in terms of the fields that will soon define string Newton-Cartan geometry 9 . Introducing the speed of light c, these expressions are given by 10
12b) 8 Note that later, we will take the limit in the curvature constraint (3.5) with an independent spinconnection field and not in the solution (3.6) where the spin-connetion is dependent. Equivalently, one may also take the same limit directly in the second-order formalism.
9 Note that only after taking the limit c → ∞ , the fields at the r.h.s. of (3.12) may be identified with the fields of string Newton-Cartan geometry. 10 We use the convention that ǫ01 = 1.
where we have split the indexÂ in a longitudinal index A = 0, 1 and a transversal one A ′ = 2, · · · , d − 1. In (3.12), τ µ A , E µ A ′ and m µ A correspond to the independent fields that will define string Newton-Cartan geometry; in particular, τ µ A and E µ A ′ will play the role of the longitudinal and transverse Vielbein fields, respectively. The C µ A are arbitrary functions, that will not show up in the geometrical objects of the string Newton-Cartan geometry, that will originate from the limiting procedure. They will however play an important role in the formulation of nonrelativistic string theory later in this paper. 11 Later in this section, we will show that not all components of the spin connections are dependent. However, the independent components do not appear in the nonrelativistic string action and drop out in the expressions for the β-functions.
Applying the expansions in (3.12) to (3.1), and then taking the c → ∞ limit, we find the following projective invertibility conditions on τ µ
A and E µ A ′ ,
We also adopt the following expansions of the independent spin connection components,
as well as similar expansions of the curvature two-form components,
Here, we introduced a gauge field n µ to parametrize the O(c −2 ) term in the expansion of Ω µ AB in (3.14). After taking the c → ∞ limit, n µ will drop out in the resulting string Newton-Cartan geometry. The curvature two-forms
will turn out to be associated with the longitudinal Lorentz rotation generator M , the boost generator G AA ′ and the transverse rotation generator J A ′ B ′ , respectively. Their expressions in terms of the spin connections will be derived later in (3.28) .
In order to obtain a well-defined limit, we have not made the most general expansion of theM µν field up to some order of c but instead we have taken a very specific one. The 11 More precisely, the presence of the arbitrary function is related to the fact that the nonrelativistic background fields are determined by equivalence classes only. In [19, 31] , the expansion of (3.12) and the c → ∞ limit in nonrelativistic string theory was studied, but only for a fixed element of the equivalence class, i.e. for a fixed expression for Cµ A given by Cµ A = 1 2 mµ A . See also [32] for the Newton-Cartan case.
above expansions imply the following ones for the inverse Vierbein fields E µ A :
Plugging (3.12) and (3.14) into the torsionlessness constraint (3.5), we derive the following expansions in c :
where R µν A (H) , R µν A ′ (P ) and R µν A (Z) are associated with the longitudinal (resp. transverse) translational generator H A (resp. P A ′ ) and an noncentral extension in the string Newton-Cartan algebra, respectively. They are formally defined as in the first three equations of (B.8), which we repeat here,
We have also defined
Furthermore, from the zero curvature constraint
Using (3.17a) to solve for R µν A (H) in (3.20) and then taking the c → ∞ limit, we obtain 12
In components, (3.21) is equivalent to the equations
Here and in the following, we use the nonrelativistic analogue of turning curved indices µ into flat indices A, A ′ , by which one replaces a curved spacetime index µ that is contracted with the curved spacetime index of an inverse Vielbein field by the flat index of this inverse Vielbein field. For example,
12 Note that the limiting procedure does not allow us to set the full curvature Rµν A (Z) equal to zero.
Taking the c → ∞ limit also in (3.17), we obtain
Note that neither of the constraints (3.22) and (3.24) depends on the gauge field n µ nor the functions C µ A . Using these constraints, we can solve for all the components in the spin connections Ω µ , Ω µ A ′ B ′ as well asΩ µ AA ′ , with
Here, W AB A ′ correspond to components of Ω µ AA ′ that remain unconstrained and independent 13 . Explicitly, they correspond to the following part of Ω µ AA ′ :
In terms of the independent fields τ µ A , E µ A ′ , m µ A and W AB A ′ , we find that
For details on how to solve the curvature constraints to obtain the results of (3.27), we refer to Appendix C (see also Appendix B). Next, we consider the c → ∞ limit of the curvature two-form in (3.9). Plugging (3.14) into (3.9) and comparing with the expansions made in (3.15), we see that the c → ∞ limit gives rise to
These expressions are in form the same as the ones in (B.8). Using (3.27), both R µν (M ) and R µν A ′ B ′ (J) can be written in terms of τ µ A , E µ A ′ and m µ A , with no dependence on
13 See similar discussions in [23] , in which a closely related c → ∞ limit is applied to the first-order Einstein-Hilbert action in four dimensions to derive an action for the extended string Newton-Cartan gravity. After taking the limit and going to the second-order formalism, it is found that WAB A ′ remains independent while all other components of the spin connections become dependent.
Next, taking the large c expansion of the connection in (3.10), we obtain
with Γ ρ µν defined by
The associated Riemann tensor can also be derived from the large c limit of (3.11),
where
which contains the following dependence on W ABA ′ :
Nonrelativistic Gauge Symmetries
The various string Newton-Cartan gauge fields that appeared in the limit of the relativistic Vielbein and spin connection transform under gauge symmetries. These gauge transformations can also be obtained as a limit. In order to do this, we define the following expansions of the relativistic parametersΛÂB andη µ :
The parameters Λ, Λ AA ′ , Λ A ′ B ′ , σ A that appear in these expansions will then correspond to part of the parameters of the gauge transformations of the string Newton-Cartan fields, as we will now show. We also introduced σ to parametrize the O(c −2 ) term in the expansion ofΛ AB , which will drop out after we take the c → ∞ limit.
From (3.12), (3.14) and (3.35) , it follows that
In the c → ∞ limit, we obtain 14
and
The most general expression for δm µ A that obeys (3.37b) and (3.37c) is given by
Here σ AB is a traceless two-tensor (σ A A = 0); it represents an ambiguity that stems from the fact that the equations (3.37b) and (3.37c) do not determine all components of δm µ A .
The parameters Λ , Λ A ′ B ′ and Λ AA ′ that appear in (3.37) and (3.38) are associated with the longitudinal Lorentz transformation, transverse rotation and string-Galilean boost symmetry. They parametrize infinitesimal transformations that together with those parametrized by σ A and σ AB form a closed algebra. This algebra can be extended with longitudinal 14 In [23] a closely related c → ∞ limit has been applied to derive gauge transformations in extended string Newton-Cartan gravity by matching coefficients in front of c n , n ∈ Z on both sides of the equations. It has been shown that these transformations agree with the ones derived from gauging the extended string Newton-Cartan algebra. In this paper, however, we do not assume the additional information that different orders in c have to match separately. This explains why we are only able to derive a smaller collection of gauge transformations here.
and transverse translations to form the string Newton-Cartan algebra, whose generators we denote as follows:
The algebra that we call the "string Bargmann algebra" (and that was called "string Newton-Cartan algebra" in previous literature) corresponds to the subalgebra with Z AB restricted to be antisymmetric, i.e. Z AB = −Z BA . The commutation relations of the string Bargmann and string Newton-Cartan algebras are given in Appendices B and C. It is interesting to note that the independent and dependent fields of string Newton-Cartan geometry and the transformation rules appearing above when taking the limit of GR can also be obtained by applying a gauging procedure to the string Newton-Cartan algebra. This gauging is described in Appendix C. We can thus conclude that the spacetime symmetry algebra that underlies the above identified string Newton-Cartan geometry is the string Newton-Cartan algebra.
Nonrelativistic String Theory in a String Newton-Cartan Background
After having discussed string Newton-Cartan geometry in the previous section, we will now construct the nonrelativistic string action in a string Newton-Cartan background and use this to discuss the formulation and properties of nonrelativistic string theory in curved backgrounds. We will see that the string Newton-Cartan symmetries encountered in the previous section, are symmetries of the nonrelativistic string action, that act on the background fields. We will also see that the background fields that occur in the nonrelativistic string action are not uniquely determined but, instead, form equivalence classes. We will then focus on two properties of nonrelativistic string theory. First, we discuss the quantum consistency of nonrelativistic string theory defined on a string Newton-Cartan background and present the equations of motion of the resulting string Newton-Cartan gravity. This discussion corroborates the one of [24] where the quantum consistency conditions are derived from a microscopic worldsheet point of view. Secondly, we discuss nonrelativistic T-duality.
Nonrelativistic String Theory from Relativistic String Theory
Nonrelativistic string theory can be treated as a subtle limit of relativistic string theory, which is essentially the same as the noncommutative open string (NCOS) limit but without D-branes [4, 6] . In this section, we extend the previous analysis of nonrelativistic string theory in a curved background to the most general background geometry, as the result of a singular limit of relativistic string theory. Consider the relativistic string theory action, also known as the Polyakov action, in the presence of a metric fieldĜ µν , a Kalb-Ramond fieldB µν and a dilatonΦ ,
where α ′ is the Ricci slope, σ α are coordinates on the two-dimensional worldsheet, h αβ is the worldsheet metric, R (2) is the Ricci scalar defined with respect to h αβ and x µ (σ), µ = 0, 1, · · · , d − 1 are worldsheet scalars that parametrize the spacetime coordinates. We have performed a Wick rotation so that the worldsheet is Euclidean. The path integral corresponding to the Polyakov action is given by
Note that we used the hatted symbols to represent spacetime ingredients in relativistic string theory. We take the following expansions with respect to large c :
where the expansions ofÊ µÂ and the zero flux two-formM µν are defined in (3.12). It follows that
Note that both τ µν and H µν are invariant under the string-Galilean boosts. We would like to consider the c → ∞ limit in (4.1). Before considering this singular limit, we first introduce a useful rewriting of relativistic string theory that facilitates the limiting procedure. It is convenient to introduce the worldsheet Zweibein e α a , a = 1, 2 such that
We also define
where ∇ α is the covariant derivative that is compatible with h αβ . Moreover, we introduced the (Euclideanized) light-cone coordinates for the flat index a on the worldsheet tangent space,
Then, the action (4.3) can be rewritten aŝ
We next define
Using the expansions defined in (4.5), we find thatŜ G can be further rewritten aŝ
where we have introduced the Lagrange multiplier fields λ and λ. 15 We emphasize that, until now, we have kept c as a finite constant and (4.12) is a direct rewriting of (4.10). Therefore, (4.12) still describes relativistic string theory. When taking the limit of the last term of the first line in the above action, we use Sylvester's determinant identity to show that
where H µν is the inverse of H µν . Note that G is independent of m µ A . In the m µ A → 0 limit, H µν → ∞ and det H µν → 0 . However, G remains finite: this can be seen most straightforwardly in the flat limit by taking 14) in which case we have G = 1 . Finally, using the identity (4.13) and taking the limit c → ∞ in (4.12), we find that nonrelativistic string theory in a curved background is described by the following nonrelativistic string action:
This string action in background fields also arises from turning on the appropriate vertex operators in nonrelativistic string theory [24] in the flat spacetime (4.14).
Symmetries in Nonrelativistic String Theory
The nonrelativistic string action is invariant under the symmetries of the string NewtonCartan algebra, implemented as the transformations (3.37a) and (3.38) on the background fields τ µ A , E µ A ′ and m µ A , 16 provided the following transformation rule is assigned to λ and λ :
and provided the curvature constraint R µν A (H) = 0 is imposed. If we also allow the matter fields B µν and Φ to transform (other than the U (1) gauge symmetry of B µν ), then there are Stückelberg-type symmetries given by 17
and 18
Expressing H µν in terms of τ µ A , E µ A ′ and m µ A , one finds that m µ A transforms as
18)
16 It was also noticed in [17] that the gauge transformation parametrized by σ AB is preserved in nonrelativistic string theory in a curved background. We would like to thank Troels Harmark and Lorenzo Menculini for pointing this out. 17 Note that when C = 1/C , the Stückelberg symmetries leave the dilaton field invariant and overlaps with the Lorentz rotation of the string Newton-Cartan algebra. There are also two cases where the Stückelberg symmetries leave the Kalb-Ramond field invariant and overlap with one of the symmetries of the string Newton-Cartan algebra. First, for zero torsion and if Cµ A = Dµσ A , the Stückelberg symmetries coincide, up to a gauge transformation of the B-field, with the σ A symmetry of the string Newton-Cartan algebra. Second, if Cµ A = σ A B τµ B with σ A A = 0, the Stückelberg symmetries coincide with the σ AB symmetry of the string Newton-Cartan algebra. See also [22] . 18 Note that the combination Φ − As we have noted above, invariance of the action (4.15) requires that the curvature constraint R µν A (H) = 0 is imposed, which by (B.8a) is equivalent to
This constraint is necessary for invariance under the σ A transformations. While d components of (4.19) can be used to solve for Ω µ as in (B.8a), the remaining d(d − 2) components give rise to the geometric constraints as in (B.17). These geometric constraints can be written in a compact form as
The condition (4.20) imposes nontrivial constraints on C and C that appear in the transformations in (4.17) . In terms of τ µ and τ µ , (4.20) becomes
Applying the transformation rules 22) and then require that (4.21) hold, we find that 
Spacetime Equations of Motion
As the first application, we apply the c → ∞ limit to the one-loop beta-functions in relativistic perturbative string theory. By setting the c → ∞ limit of the relativistic betafunctions to zero, we expect to derive the spacetime equations of motion in nonrelativistic string theory. Recall the beta-functions in relativistic string theory [33] , 19
where∇ µ is the covariant derivative that is compatible withĜ µν , with the Christoffel symbolΓ
19 The conventions used here follow the ones in [34] , but in a different renormalization scheme [24] .
The (3,1) tensorR ρ σµν is the Riemann tensor defined on the spacetime manifold M , R µν ≡R ρ µρν is the associated Ricci tensor andR ≡Ĝ µνR µν is the associated Ricci scalar. The tensorĜ µν denotes the inverse metric. Moreover,
The large c expansions ofΓ ρ µν andR ρ σµν were already derived in (3.30) and (3.32), respectively, withΓ
where Γ ρ µν and R ρ σµν define the Christoffel symbol and the Riemann curvature tensor in string Newton-Cartan geometry. The corresponding Ricci tensor is then defined by R µν = R ρ µρν (Γ) . We can write Γ ρ µν in (3.31) as
are both invariant under the string-Galilean boost transformations. This expression for the Christoffel symbol is useful for deriving linearized equations of motion that are manifestly invariant under the symmetry transformations (4.17) [24] . We emphasize that there does not exist a non-degenerate spacetime metric and hence string Newton-Cartan geometry is non-Riemannian. We also have the expansion
It is then manifest that the expressions on the right hand side of (4.25) are all finite in the c → ∞ limit. Next, plugging the expansions (4.5) into the left hand side of (4.25), we obtain
with G given by (4.13). Note that the right hand side of the equations in (4.25) are not divergent in c . Therefore, plugging (4.32a) and (4.32b) into (4.25a) and (4.25b), in the c → ∞ limit, we obtain
Due to the undetermined O(c −2 ) contributions in (4.33), the c 2 terms in (4.32) will contribute at the order O(c 0 ) . Using (4.32a) and (4.32b) to form combinations in which all contributions from the c 2 terms in (4.32) cancel, and then taking the c → ∞ limit, we obtain,
and ∇ µ is defined with respect to the connection Γ ρ µν in (4.29). Finally, taking the c → ∞ limit in (4.32c), we obtain
Importantly, all C µ A dependences drop out after taking the c → ∞ limit, and all the betafunctions are invariant under the symmetry transformations in (4.17) . This is demonstrated explicitly in [24] , where the beta-functions in nonrelativistic string theory are computed by applying the worldsheet Weyl transformations to vertex operators. The worldsheet treatment in [24] is intrinsic to nonrelativistic string theory without referring to the parent relativistic string theory.
Setting the beta-functions in (4.34) and (4.36) to zero leads to the equations of motion of string Newton-Cartan gravity coupled to the B-field and dilaton, namely, 20
which are supplemented by the geometric constraints given in (4.20) . These are consistent with the results given in [24] . We note one last caveat. Recall that in §3.2 we found that the independent fields consist of not only {τ µ A , E µ A ′ , m µ A } but also one more independent gauge field W ABA ′ that is part of the spin connection Ω µ AA ′ . But W ABA ′ does not appear in the string action (4.15) and hence should not show up in the beta-functions. However, as we have seen in 20 In [19] , the same limit applied to the Type IIB supergravity equations of motion has been considered, but only for fixed C = C = 1 and Cµ A = 1 2 mµ A . As a result, the string Newton-Cartan equations of motion considered in [19] do not respect the symmetries given in (4.17).
(3.31) and (3.34), Γ ρ µν and R µν both contain W ABA ′ dependences,
Plugging (4.38) into (4.34), and making use of the tracelessness condition W A AA ′ = 0 , it is a straightforward calculation to show that, reassuringly, all W ABA ′ terms drop out in the expressions (4.34).
Nonrelativistic T-Duality from String Theory
As a second application of the limiting procedure that we developed in this paper, we consider the c → ∞ limit of the Buscher rules describing the T-duality transformations of relativistic string theory, and reproduce the longitudinal and transverse T-duality which we derived from first principles at the level of nonrelativistic string theory in [10] .
We start with the relativistic string theory action in (4.1) and assume that there is a spatial Killing vector k µ in the target space. We introduce a coordinate system x µ = (y, x i ) adapted to k µ , such that k µ ∂ µ = ∂ y . Then, the associated abelian isometry is represented by a translation in the spatial direction y. Performing a T-duality transformation along this y direction, we obtain the dual actioñ
with the following Buscher rules [29, 30, 35] :
where the indices i, j indicate the directions other than the y direction. In the following, we consider the c → ∞ limit of the Buscher rules (4.40). We will discuss all three cases studied in [10] .
• Longitudinal spatial T-duality. One choice is to take the isometry direction y to be the longitudinal spatial direction in string Newton-Cartan geometry. Then,
Plugging the expansions in (4.5) into (4.40) and using (4.41), we obtain after taking the limit c → ∞:
42b)
42c)
which is independent of the C, C and C µ A symmetry transformations (4.17) for C = C . Note that, in general, C = C (4.17); however, since the boost symmetry is already fixed by committing to a coordinate system adapted to the longitudinal isometry direction y, we can only take C = C. The dual action is still (4.39), which describes relativistic string theory with a lightlike isometry in spacetime. The above rules precisely reproduce the Buscher rules for longitudinal T-duality transformations in nonrelativistic string theory derived in [10] . Moreover, the T-dual of the general geometric constraints (4.20) implies the following additional constraints on matter coupled GR: 
T-duality
In (4.42), a given Riemannian background with a lightlike isometry is mapped under T-duality to a family of distinct string Newton-Cartan backgrounds, i.e. there exists an infinite family of solutions of the set of variables, {H µν , B µν , τ µ A , Φ}, that satisfies (4.42) for givenG µν ,B µν andΦ. This is due to the fact that the corresponding sigma model action for strings on these string Newton-Cartan backgrounds are equivalent to each other after taking into account the transformations in (4.17).
To prove that all solutions in (4.42) are related to each other by the transformations in (4.17), let us first perform the transformations (4.17) to any given solution {τ µ A , H µν , B µν , Φ} to (4.42) by fixing {C = C , C y 1 , C i A } to be {C , C y 1 , C i A } , with
Under the above transformations, we find that {τ µ A , H µν , B µν , Φ} becomes
Note that C y 0 cannot be used to fix any more degrees of freedom. 
thus establishing a one-to-one duality map between nonrelativistic string theory with a longitudinal spatial isometry and relativistic string theory with a lightlike isometry.
Finally, to write down all solutions of {H µν , B µν , τ µ A , Φ} to (4.42) in terms of the relativistic dataG µν ,B µν andΦ , one needs to first identify one special (but not unique) solution. Then, transforming this special solution with respect to the rules in (4.17) with C = C , we generate the family of all solutions to (4.42). A simple solution to (4.42) is basically already given by (4.46), which we write explicitly below:
Next, setting C = C in (4.17), we can use {H ′ µν , B ′ µν , τ ′ µ A , Φ ′ } to generate any string Newton-Cartan background {H µν , B µν , τ µ A , Φ} that corresponds to the same string theory action, with
Plugging (4.47) into (4.48), we arrive at the inverse Buscher rules,
Each choice of {C , C µ A } generates an element of the equivalence class {H µν , B µν , τ µ A , Φ} representing a solution to (4.42) .
It is instructive to consider the simple case that one truncates the nonrelativistic string background fields as follows: Via T-duality this leads to the following dual relativistic string background fields:
This is precisely the "null reduction" of GR considered in [36, 37] , where it was shown that the Ricci flat conditionR yµ = 0 implies the torsionlessness condition
Here,R µν denotes the Ricci tensor with respective to the Lorentzian metricG µν . Given the above truncations, the same geometric constraints can also be derived by performing a Kaluza-Klein reduction over the spatial direction y of the string Newton-Cartan geometric constraints (4.20) . This is related to the fact that, given the above truncations, a Kaluza-Klein reduction over the spatial isometry direction y of string NewtonCartan gravity leads to the same Newton-Cartan gravity theory that results from a null-reduction of general relativity. We have not checked all the details but we expect that the same remains true for the full theory in the absence of the above truncations. The only difference is that in that case one ends up with a matter-coupled NewtonCartan gravity theory with non-zero torsion. From the GR point of view, the non-zero torsion is due to the fact that one is now dealing with matter coupled GR supplemented with the constraints in (4.43). From the string Newton-Cartan point of view, this is related to the fact that the general Kaluza-Klein reduction of the geometric constraints (4.20) is different in the absence of truncations.
• Longitudinal lightlike T-duality. Next, if we assume that the isometry direction y is a lightlike direction in string Newton-Cartan geometry, then,
which in turn givesĜ µν = 0 . In this case, in the c → ∞ limit, the relativistic Buscher rules in (4.40) become singular. However, working at the level of nonrelativistic string theory, one can still derive the appropriate nonrelativistic Buscher rules as in [10] . In this case, nonrelativistic string theory on a string Newton-Cartan background is mapped to nonrelativistic string theory on a T-dual string Newton-Cartan background with a longitudinal lightlike isometry, which is summarized in the following diagram:
nonrelativistic string theory nonrelativistic string theory longitudinal lightlike
• Transverse spatial T-duality. Finally, we assume that the isometry direction y is a transverse spatial direction in string Newton-Cartan geometry. Then,
Plugging the expansions (4.5) into (4.40) and using (4.55), we obtain in the large c expansioñ
We omitted all terms of order O(c −2 ) . Plugging the expressions (4.56) into the action (4.39) and taking the c → ∞ limit in the way described in §4.1, we obtain the dual actioñ
57b)
Now, the dual action describes nonrelativistic string theory with a transverse isometry in spacetime. These precisely reproduce the Buscher rules for transverse T-duality transformations in nonrelativistic string theory as derived in [10] . We summarize the above result in the following diagram:
nonrelativistic string theory relativistic string theory nonrelativistic string theory relativistic string theory c → ∞ limit c → ∞ limit transverse T-duality T-duality
Conclusions
The purpose of this work was to present an in-depth study of nonrelativistic string theory in a curved background from a spacetime point of view. The relevant geometry, replacing the Riemannian geometry underlying the relativistic string, is string Newton-Cartan geometry.
One salient feature of string Newton-Cartan geometry is that it has a two-dimensional foliation dividing spacetime into two directions longitudinal to the string and the remaining spatial directions transverse to the string. The Polyakov-type action of the nonrelativistic string in such a background was obtained by taking a special nonrelativistic limit of the Polyakov action of relativistic string theory. A noteworthy feature of this limit was that, after making a large c expansion but before taking the limit c → ∞ , a rewriting of the action was required thereby introducing two Lagrange multiplier fields λ and λ. Here, we found that the nonrelativistic string action is invariant under the string Newton-Cartan algebra. This is a subalgebra of an infinite-dimensional algebra, that appears as a symmetry algebra of the nonrelativistic string action in flat spacetime. The fact that the flat space action has, unlike the relativistic case, an infinite set of symmetries is related to the fact that there is a two-dimensional foliation structure attributed to the target space. It would be interesting to further investigate the consequences of this infinite set of symmetries. The Polyakov-type action of the nonrelativistic string can be taken as the action defining nonrelativistic string theory without the need to remember its relativistic origin. It is the starting point of any investigation in nonrelativistic string theory. One may try to apply many of the techniques that have been applied before in a relativistic context to this nonrelativistic string theory as well. In this paper, we discussed two of them. We investigated the inverse of the nonrelativistic T-duality rules derived in [10] . The definition of these inverse T-duality rules is non-trivial due to the fact that there is an equivalence relation between the string Newton-Cartan backgrounds plus the B-field and dilaton that couple to the nonrelativistic string. This is of special relevance when considering the longitudinal spatial T-duality that maps a string Newton-Cartan background to a general relativity background with a lightlike Killing direction. This relates nonrelativistic string theory to a wide range of topics such as the Discrete Lightcone Quantization (DLCQ) of relativistic string theory [28, 38, 39] , nonrelativistic branes [40] and nonrelativistic supersymmetry [41] . This result will be important when using T-duality as a solution generating technique. In particular, it would be interesting to see what precisely happens with the T-duality between a string and wave solution in view of the fact that there are no waves in the nonrelativistic case. Last but not least, we plan to investigate what happens if one considers the longitudinal spatial T-duality in the presence of supersymmetry. Since the lightlike Killing direction is a constraint of the geometry one should consider the supersymmetry variations of this constraint and verify whether it leads to a finite number of further constraints.
The other application we considered was the quantum consistency of the string NewtonCartan background. A detailed microscopic derivation from a worldsheet point of view of the vanishing beta-functions of the background fields that determine the quantum consistency, can be found in the companion paper [24] . In this paper, we considered the nonrelativistic limit of the one-loop beta-functions in relativistic string theory, by setting the resulting nonrelativistic beta-functions to zero we derive the same set of equations of motion of string Newton-Cartan gravity coupled to the B-field and dilaton as in [24] . It would be extremely interesting to find different solutions to these non-linear equations of motion and investigate their behaviour under nonrelativistic T-duality. Finding a solution with a non-trivial horizon could be a first step towards a nonrelativistic holography defined by the nonrelativistic string theory considered in this work.
Appendices
In these appendices, we will discuss the different symmetry algebras that appear in nonrelativistic string theory, as well as aspects of their gauging. In Appendix A, we will derive the commutation relations of the infinite-dimensional algebra discussed in §2, which is the symmetry algebra of the nonrelativistic string sigma model action in flat space. We will furthermore identify the string Bargmann algebra and the string Newton-Cartan algebra as finite-dimensional subalgebras of the infinite-dimensional algebra. Historically, the string Bargmann algebra was first considered to be the symmetry algebra of nonrelativistic string theory. Instead, as we saw in this paper, the relevant symmetry algebra is the slightly larger string Newton-Cartan algebra [17] . In Appendix B, we will apply a formal gauging procedure to the string Bargmann algebra. This leads to a version of string Newton-Cartan geometry that is different from the geometry that arises from the nonrelativistic limit of GR discussed in this paper. The kinematical structure of the latter geometry can be recovered by gauging the string Newton-Cartan algebra. This will be done in Appendix C.
A. Symmetry Algebras in Nonrelativistic String Theory

A.1. Global Symmetries in Flat Spacetime
The nonrelativistic string sigma model action in flat space has symmetries (2.7), that correspond to transverse rotations with parameter Λ A ′ B ′ as well as transformations that are parametrized by functions f (X), f (X), g A ′ (X) and g A ′ (X). It is useful to define the Taylor expansions of these functions as follows:
The f n , f n , g A ′ n , g A ′ n and Λ A ′ B ′ (n ∈ Z) then parametrize infinitesimal symmetry transformations that span an infinite-dimensional Lie algebra.
In order to write down the commutation relations of this Lie algebra, we compute the Noether charges corresponding to the transformations with parameters
and Λ A ′ B ′ . These charges are found to be:
where we defined the conjugate momenta of X , X and x A ′ as follows:
these Noether charges are then found to have the following non-vanishing Poisson bracket algebra (m, n ∈ Z ):
In addition, the Poisson bracket between the
The noncentral extensions that appear in (A.9) are explicitly given by:
For the Y m,n , the indices m, n are understood as integers that are not both zero. In particular, Y 0,0 is understood to be zero, so that the above commutation relations are consistent with the transverse translations
−1 commuting among themselves. These noncentral extensions Y m,n exist due to the fact that the Lagrangian associated with the action S flat in (2.1) is invariant with respect to the symmetries generated by G A ′ n and G A ′ n up to nontrivial total derivative terms only. The above algebra contains two copies of the Witt algebra and was first introduced as extended Galilean symmetries in [11] 21 .
A.2. The String Bargmann and Newton-Cartan Algebras as Subalgebras
One can identify a subalgebra of the infinite-dimensional algebra (A.9), associated with symmetry transformations that act on the fields of the action (2.1) as follows:
Here, Ξ A and Ξ A ′ parametrize the longitudinal and transverse translations, respectively, Λ AB ≡ ǫ AB Λ parametrizes the longitudinal Lorentz rotation, Λ A ′ B ′ parametrizes the transverse rotations and Λ AA ′ parametrizes the string-Galilean boosts. 
This algebra is called the string Newton-Cartan algebra and was introduced in [7, 9] . Its embedding in the infinite-dimensional algebra (A.9) is given by the following identifications:
The string Bargmann algebra can be extended to the string Newton-Cartan algebra by replacing the generator Z by a different noncentral extension Z AB , that is a traceless two-tensor: Z A A = 0. The commutation relations of this extended algebra are given by the relations (A.14) of the string Bargmann algebra, with the last two commutation relations in eqs. (A.14e) replaced by
Note that the noncentral charge Z of the string Bargmann algebra corresponds to Z ≡ − 1 2 ǫ AB Z AB in the string Newton-Cartan algebra. The latter algebra then contains two extra noncentral charges with respect to the string Bargmann algebra. The embedding of the string Newton-Cartan algebra in the infinite-dimensional algebra is then as in (A.15), with the addition of the following identifications for the embedding of Z AB :
The string Newton-Cartan algebra appears as the local gauge symmetry algebra of nonrelativistic string theory in arbitrary backgrounds. Note that one can extend the string Newton-Cartan algebra by a generator D that acts as a dilatation, such that the following extra commutation relations are satisfied:
This extended algebra is also a subalgebra of the nonrelativstic string algebra, where D can be identified with M 0 + M 0 in the infinite-dimensional algebra. This dilatation appears as a Stückelberg symmetry when formulating nonrelativistic string theory in arbitrary backgrounds in a different set of field variables. This set of variables can be found in Appendix C, which differs from the ones used in the bulk of the paper.
B. Gauging the String Bargmann Algebra
In [9] , it was shown that gauging the string Bargmann algebra given in (A.14) leads to a string Newton-Cartan geometry. In this appendix, we review and improve the discussion of this gauging procedure of the string Bargmann algebra in d dimensions. This will allow us to introduce ingredients in string Newton-Cartan geometry that are useful for the bulk of this paper. At the same time, it will pave the way for the gauging of the string Newton-Cartan algebra in Appendix C, that reproduces the string Newton-Cartan geometry obtained from a limit of GR.
B.1. Transformation Rules and Curvatures
In the gauging procedure, one first introduces a Lie algebra valued gauge field Θ µ that associates to each of the generators listed in (A.13) a corresponding gauge field as follows:
We will ignore both the longitudinal and transverse translations parametrized by Ξ A and Ξ A ′ and instead declare that all gauge fields transform as covariant vectors under diffeomorphisms with parameter ξ µ . Once the conventional constraints have been imposed, see below, these diffeomorphisms then become equivalent to longitudinal and transverse translations (together with other gauge transformations) with parameters Ξ A = τ µ A ξ µ and Ξ A ′ = E µ A ′ ξ µ . The remaining gauge transformation parameters are collected in the Lie algebra valued parameter Π with
Using the Lie brackets given in (A.14), the gauge transformation
then leads to the following transformation rules for the component gauge fields of Θ µ :
The Vielbeine τ µ A and E µ A ′ are not invertible. One can nevertheless define projective inverses τ µ A and E µ A ′ via the following relations:
They transform as follows:
The curvature two-form F µν associated with Θ µ is
with the expressions for the curvature two-forms given by
B.2. Solving the Curvature Constraints
We next impose the curvature constraints:
Note that the first condition, R µν A (H) = 0 , imposes an analogue of the hypersurface orthogonality condition in ordinary torsionless or twistless torsional Newton-Cartan geometry. Note the difference with the curvature constraints (3.22), (3.24) that appear in the limit procedure of §3.2 where not all the components of R µν A (Z) are set to zero, as in (B.9).
The transformations of R µν A (H) , R µν A ′ (P ) and R µν A (Z) can be read off from the gauge transformations of the field strength F µν defined in (B.7),
which gives
In order to maintain the symmetries of the theory, one needs to make sure that the constraints (B.9) are preserved by all symmetries. Transforming the constraints (B.9) under the symmetries (B.4), one finds
One thus sees that only R µν A (H) = R µν A ′ (P ) = 0 but not R µν A (Z) = 0 are preserved by the gauge transformation rules corresponding to the algebra (A.14). This can however be remedied by modifying the gauge transformation of n µ with extra σ A dependent terms as in
In order to show that this modified transformation indeed leads to δR µν A (Z) = 0 , one needs to use that
which follows from the constraint R µν A (H) = 0 and its Bianchi identity. The reason that the transformation rule of n µ is not anymore given by the gauge algebra, is that, due to the constraint R µν A (Z) = 0 in (B.9), the gauge field n µ has become dependent. See also the discussion below.
The curvature constraints (B.9) constitute both proper geometric constraints as well as conventional constraints, i.e. constraints that can be viewed as algebraic equations that determine some fields in terms of the others. In particular, as we will now show, most of these constraints allow one to express the field n µ and the spin connections Ω µ , Ω µ AA ′
and Ω µ A ′ B ′ in terms of the remaining independent fields. Plugging the expressions for the dependent spin connections and n µ into the constraints (B.9), one finds that most of these are then identically satisfied, apart from a few that represent constraints on the geometry. This can be shown by considering different projections of (B.9) in the longitudinal Lorentzian A directions and the transverse A ′ directions. In order to do this, it is useful to define
By taking the (A, B) , (A, B ′ ) and (A ′ , B ′ ) components of equations (B.9), one obtains the following equations for the components of Ω µ , Ω µ A ′ B ′ , Ω µ AA ′ and n µ :
together with the geometric constraints
The equations (B.16) determine all components of Ω µ , Ω µ A ′ B ′ , Ω µ AA ′ and n µ . We have collected in Table 1 all information regarding which components follow from which con- straints given in eq. (B.9). Explicitly, we find from (B.16) that
Using (B.19) for the dependent gauge fields, together with the gauge transformations of the independent fields τ µ A , E µ A ′ and m µ A given in (B.4), it is straightforward to show that the transformations of the spin connections, namely, Ω µ , Ω µ AA ′ and Ω µ A ′ B ′ , match the expressions in (B.4). The gauge transformation of n µ , however, gains extra R µν (M )-dependent terms 20) which is precisely the transformation rule (B.13) constructed to ensure that the curvature constraints are invariant under the gauge transformations with parameters σ A .
Gauging String Bargmann Algebra
Limit of GR: c → ∞ Table 2 . This table summarizes the main differences between the geometry obtained by gauging the string Newton-Cartan algebra and the one obtained in the nonrelativistic limit of GR. For the definition ofΩ, see eq. (3.25).
The gauging of the string Bargmann algebra thus leads to a version of string NewtonCartan geometry in which all spin connection fields are fully determined in terms of other fields. This is different from the geometry obtained from the nonrelativistic limit of GR discussed in §3. We have summarized the main differences between the results of this Appendix on gauging the string Bargmann algebra and the c → ∞ limit in §3 in Table 2 .
C. Gauging the String Newton-Cartan Algebra
In §3.2, we found that the string Newton-Cartan geometry derived from the c → ∞ limit of General Relativity (in the presence of an auxiliary two-form with zero curvature) is less constrained than the one that we derived from gauging the string Bargmann algebra in Appendix B. In particular, there are components W ABA ′ (defined in (3.26)) of the gauge field of string-Galilean boosts that are independent in the limiting procedure but depend on other fields in the gauging procedure. The discussion of §3.3 however indicates that the symmetry algebra that underlies the string Newton-Cartan geometry obtained in the c → ∞ limit of GR is not the string Bargmann algebra, but rather the string NewtonCartan algebra. One therefore expects that a gauging of the latter algebra is able to reproduce the main features of string Newton-Cartan geometry as it arises from GR in a nonrelativistic limit. In this Appendix, we show that this expectation is borne out and that the gauging of the string Newton-Cartan algebra indeed leads to a string Newton-Cartan geometry in which W ABA ′ appear as independent fields.
The gauging of the string Newton-Cartan algebra follows closely that of the string Bargmann algebra given above in Appendix B. The main differences stem from the fact that the commutation relations (A.14e) are now replaced by the ones of (A.16). The gauge field n µ in (B.1) and the gauge parameter σ in (B.2) are now replaced by a gauge field n µ AB and a gauge parameter σ AB , respectively, that obey n µ A A = 0 and σ A A = 0. The gauge transformations of all gauge fields are then given by the rules of (B.4a), (B.4c) and # of componentsΩ we find that one can solve the conventional constraints for all components in Ω µ , Ω µ A ′ B ′ , Ω µ AA ′ and n µ AB in terms of the independent fields τ µ A , E µ A , m µ A , W AB A ′ and ℓ ABC . The solutions to the dependent fields Ω µ , Ω µ A ′ B ′ ,Ω µ AA ′ (defined in (3.25)) andñ µ AB are summarized in Table 1 except that the last few rows are now replaced by Table 3 . The explicit expressions for the different components listed in Table 3 which agrees with (3.27c).
Note that this gauging procedure of the string Newton-Cartan algebra does not only lead to the same transformation rules for the independent fields τ µ A , E µ A ′ and m µ A , that appeared in the limit of GR discussed in this paper. The gauging also reproduces the expressions for the spin connections Ω µ , Ω µ A ′ B ′ and Ω µ AA ′ that were found in this limit. In particular, the same components W ABA ′ of the string-Galilean boost connection are left undetermined, while all other components and spin connections are determined in terms of other fields by the same expressions that follow from the limit. In this sense, the gauging of the string Newton-Cartan algebra can be viewed as an alternative way to construct the string Newton-Cartan geometry coming from GR. Note however that, compared to the limit, the gauging gives rise to an extra gauge field n µ AB , that is only partially dependent and that is absent in both the limits of the kinematics of GR and of the relativistic string action.
In (A.18), we introduced an extension of the string Newton-Cartan algebra with a dilatational generator D . In the gauging procedure, one assigns an extra gauge field Φ µ to this dilatational generator. with τ µ A , E µ A ′ and m µ A the field variables used throughout the bulk of the paper. Then, the string action (4.15) becomes provided the following transformation rule is assigned to λ and λ : 15) and provided the curvature constraint
Note that (C.14) and (C.16) are natural from the gauging perspective, if one views the primed fields as gauge fields of the string Newton-Cartan algebra extended by a dilatational generator and applies the constraint
which can then be locally solved by Φ µ = ∂ µ Φ. In that case, (C.14) coincides with (C.9) and (C.16) coincides with (C.10).
